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Abstract
We investigate the evolution of a given eigenvector of a symmetric (deter-
ministic or random) matrix under the addition of a matrix in the Gaussian
orthogonal ensemble. We quantify the overlap between this single vector with
the eigenvectors of the initial matrix and identify precisely a “Cauchy-flight”
regime. In particular, we compute the local density of this vector in the eigen-
values space of the initial matrix. Our results are obtained in a non pertur-
bative setting and are derived using the ideas of [O. Ledoit and S. Pe´che´,
Prob. Th. Rel. Fields, 151 233 (2011)]. Finally, we give a robust derivation of
a result obtained in [R. Allez and J.-P. Bouchaud, Phys. Rev. E 86, 046202
(2012)] to study eigenspace dynamics in a semi-perturbative regime.
1 Introduction
The dynamics of eigenvalues induced by the addition of free random matrices in the
Gaussian orthogonal ensemble has been first studied by Dyson in his 1962 paper [12].
The movement of the eigenvalues is characterized in terms of a stochastic differential
system, the so called Dyson Brownian motion. The eigenvalues evolve as particles
of a Coulomb gas with electrostatic repulsion, confined in a quadratic potential
and subject to a thermal noise. In the limit of large dimensions (matrix sizes), the
evolution of the spectral density has also been studied in [18] (see also [9, 8] and
[11, 2] for related models).
For the eigenvectors, their evolution in finite dimension is also given by a stochas-
tic differential system which depend on the non colliding trajectories of the eigen-
values (see [5]). In this paper, we are interested in quantifying the evolution of the
eigenvectors in the limit of large dimension. Our approach uses the idea of [16] who
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introduced a very interesting quantity (see Eq. (5.1) below) for the study of eigen-
vectors. This enables us to compute the local density of a given state (eigenvector)
of the matrix after the addition of the free Gaussian matrix, in the eigenvalues space
of the initial matrix.
The paper is organized as follows. In section 2, we define the model and give
the main notations. In section 3, we first consider the evolution of the eigenvectors
induced by the addition of a small Gaussian matrix when the dimension N of the
matrices are small. Our main Theorem 4.3 appears in section 4 and is concerned
with the convergence of the quantity (5.1) introduced in [16]. The proof of Theorem
4.3 can be found in section 5. In section 6, we specialize our results in a natural
case where the computations are explicit and we find that in a particular regime,
the eigenvalue dynamics can be precisely described as a “Cauchy flight”. We also
check numerically our results in the case of a initial random matrix in the Gaussian
orthogonal ensemble. We then revisit in section 7 the main result of [1] on the
dynamics of eigenspace under free addition, and prove that it is indeed exact beyond
the perturbative regime.
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2 Definition and main notations
Let A be a symmetric deterministic N × N matrix. By the spectral Theorem, A
is diagonalizable in an orthonormal basis of RN . We suppose that the eigenvalues
a1, . . . , aN of A are all distinct and indexed in increasing order as
a1 < a2 < · · · < aN . (2.1)
Let (H(t))t > 0 be a symmetric Brownian motion, i.e. a symmetric diffusive matrix
process constructed from a family of independent real Brownian motions Bij(t),
1 6 i 6 j 6 N as follows
Hij(t) =

√
1
N
Bij(t) if i < j ,√
2
N
Bii(t) if i = j .
The process H(t) is rotationally invariant at all time t > 0, in the sense that for all
O in the orthogonal group ON , the conjugate matrix OH(t)O† has the same law
as the matrix H(t).
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Now we define a Hermitian matrix process (M(t))t > 0 by setting
M(t) = A+H(t) . (2.2)
The matrix M(t) may be regarded as a noisy perturbation of the matrix A, which
encodes the true information. The eigenvalues of M(t) will be denoted in increasing
order as
λ1(t) 6 · · · 6 λN(t) .
The aim of this paper is to quantify the relationship between the eigenvectors of the
matrix M(t) with the ones of the initial matrix M(0) = A. In particular, we consider
one given eigenvector of the matrix M(t) denoted as ψti and we want to compute, in
the limit of large dimension N , its projections on the (orthonormal) eigenvectors of
A denoted in the following as φ1, · · · , φN . The scalar products between the vectors
ψti and φj are also called overlaps between ψ
t
i and φj and denoted 〈ψti |φj〉. Because
the matrix H(t) is rotationally invariant for all t, we can (and will) suppose with no
loss of generality that the matrix A is diagonal.
In order to study the limitN → +∞, we need to take a few (natural) assumptions
on the spectrum of the matrix A := AN .
Hypothesis 1. We suppose that the empirical spectral density of the matrix A,
defined as
µN0 :=
1
N
N∑
i=1
δai
where δx is the Dirac measure in x, converges in the space of probability measures
(equipped with the topology of weak convergence) as N →∞ to µ0(dx) := ρ0(x) dx,
where ρ0 : R → R+ is a continuous function. In fact, we ask for a little more,
making the assumption that the ai are allocated smoothly on the quantiles of the
probability density ρ0(x), i.e. according to ai = a(
i
N+1
), i = 1, . . . , N where the
function a :]0, 1[→ R is continuous, strictly increasing and such that for all x ∈]0, 1[,∫ a(x)
−∞
ρ0(y) dy = x .
This definition implies that the push-forward measure a−1(µ0) (respectively a−1(µN0 ))
of µ0 (resp. µ
N
0 ) by the function a
−1 : R → (0, 1) is the uniform measure on [0, 1]
(resp. the discretized uniform measure 1
N
∑N
i=1 δi/(N+1)).
Note that if ρ0 has unbounded support, then a(x) ↓ −∞ as x ↓ 0 and a(x) ↑ +∞
as x ↑ 1. If ρ0 has a compact support, then the function a is bounded on ]0; 1[ and
converges when x ↓ 0 and x ↑ 1.
3
3 Dyson Brownian motion and eigenvectors dy-
namics in finite dimension N
We first discuss asymptotic formulas for the scalar products between the eigenvectors
of M(t) with those of the matrix M(0) = A in the perturbative limit t → 0 when
the dimension N is fixed. In the next section, we shall investigate the limit N →∞,
with possible scaling relations between t and N .
In the present case, the idea is to write the evolution equations for the eigenvalues
and eigenvectors of the Hermitian matrix M(t). It was first established by Dyson in
[12] that the eigenvalues follow the stochastic differential system
dλi(t) =
√
2
N
dBi(t) +
1
N
∑
j 6=i
dt
λi − λj , (3.1)
where the Bi are independent Brownian motions and with the initial conditions
λi(0) = ai, i = 1, · · · , N . Let us simply mention that the electrostatic repulsion (last
term of (3.1)) is strong enough to prevent any collision between the eigenvalues so
that the stochastic differential system has a well defined and continuous solution in
the Itoˆ’s sense [5]. Recalling the assumption (2.1) on the location of the ai = λi(0)
at the initial time, we can conclude that for all t > 0,
λ1(t) < λ2(t) < · · · < λN(t) .
Towards a physical picture, we can see the process (λ1, . . . , λN) as a one dimensional
repulsive Coulomb gas of N positively charged particles, all subject to a thermal
noise dBi(t).
For the evolution of the eigenvectors (ψt1, . . . , ψ
t
N) as a function of time t, the
situation is slightly more tricky because the ψti are all determined up to a sign ±1.
Nevertheless, we can prove following [5, Proof of Theorem 4.3.2] (see also [23, 3]) that
there exists a continuous (with respect to time) version of the process (ψ1, . . . , ψN)
which evolves according to
dψti = −
1
2N
∑
j 6=i
dt
(λi − λj)2 ψ
t
i +
1√
N
∑
j 6=i
dWij(t)
λi − λj ψ
t
j , (3.2)
with the initial conditions ψ0i = φi for i = 1, . . . , N , and where the family of real
Brownian motions Wij, 1 ≤ i, j ≤ N is such that
• the Wij, i ≤ j are mutually independent;
• the Wij for i > j are defined by symmetry Wij = Wji;
• the Wij, i ≤ j are independent of the Brownian motions Bi driving the stochas-
tic differential system of the eigenvalues (3.1).
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The independence between the Wij, i ≤ j and the Bi allows us to freeze the tra-
jectories of the eigenvalues and then to study the eigenvectors dynamics with this
realization of the eigenvalues path.
With this description of the evolution of the eigenvalues and eigenvectors pro-
cesses, we easily deduce the following proposition.
Proposition 3.1. Let N be a fixed integer and a1 < a2 < · · · < aN be the eigenvalues
of the diagonal matrix A. Then, the (mean) overlaps between the eigenvectors of
M(t) defined in (2.2) with those of M(0) = A satisfy the following asymptotic
expansions when t→ 0,
E
[〈ψti |φi〉] = 1− t2N ∑
j 6=i
1
(ai − aj)2 + o(t) , (3.3)
and for i 6= j,
E
[〈ψti |φj〉2] = tN 1(ai − aj)2 + o(t) . (3.4)
Proof. We fix T > 0 and denote by Eλ the expectation conditionally on the σ
algebra generated by the eigenvalues trajectories (λi(t), i ∈ {1, . . . , N}, 0 ≤ t ≤ T ).
From (3.2), we see using the independence between the (Wij, i ≤ j) and the λi that
Eλ[〈φi|ψti〉] = 1−
1
2N
∑
j 6=i
∫ t
0
Eλ[〈φi|ψsi 〉]
(λi − λj)2 ds . (3.5)
We can solve (3.5) explicitly and obtain (using ψ0i = φi and 〈φi|φi〉 = 1)
Eλ[〈φi|ψti〉] = exp
(
− 1
2N
∑
j 6=i
∫ t
0
ds
(λi(s)− λj(s))2
)
.
The asymptotic expansion (3.3) follows from the fact that λi(t)→ ai almost surely
as t→ 0.
Towards (3.4), we use again (3.2) and noting that 〈ψ0i |φj〉 = 〈φi|φj〉 for i 6= j, we
obtain
Eλ[〈ψti |φj〉2] =
1
N
∫ t
0
∑
k 6=i
Eλ[〈ψsk|φj〉2]− Eλ[〈ψsi |φj〉2]
(λk − λi)2 ds . (3.6)
The asymptotic expansion (3.4) now follows from the almost sure convergences as
s→ 0 of 〈ψsk|φj〉 towards 1 if k = j and 0 if k 6= j and of λk(s) to ak.
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4 Eigenvectors dynamics in the large N limit
We now consider the eigenvector dynamics problem of quantifying the relation be-
tween the eigenvectors of the Hermitian matrix M(t) with those of A but in the
limit of large dimension N →∞. In this context, we shall distinguish three regimes
characterized by different scaling relations between the two parameters t and N :
• The first regime is the perturbative regime where t := tN is scaling with the
dimension N and satisfies
NtN −→ 0 ,
when N → +∞. In this regime, tN is in fact much smaller than the typical
spacing between two consecutive eigenvalues (level spacing), which is of or-
der 1/N in our setting. This allows perturbation theory to be applied in the
eigenvalues problem of the matrix M(t), seen as a perturbation of the matrix
A, and to derive approximations identical to (3.3) and (3.4). This regime has
been studied in great details in random matrix theory and in the context of
quantum mechanics [13].
• The second regime is semi-perturbative and concerns values of t := tN again
scaling with the dimension N such that
tN −→ 0 ,
but which are not necessarily small compared to the levels spacing of order
1/N . This regime concerns many applications (see e.g. [16, 1] in the context of
covariance matrices and applications to finance) and basic perturbation theory
does not permit one to rigorously extend the validity of Eq. (3.3) and (3.4)
to this regime. Our main result Theorem 4.3 permits us to do so (see the
discussion after Theorem 4.3).
• The third regime is non perturbative: t is fixed independent of the dimension
N going to +∞.
The question we ask is: How to modify formulas (3.3) and (3.4) in the second
and third regimes in the large N limit ? Because the family {φj, 1 6 j 6 N} forms
an orthonormal basis of RN , we have the normalization constraint
N∑
j=1
〈ψti |φj〉2 = 1 ,
and shall therefore investigate the convergence of the renormalized overlapsN E[〈ψti |φj〉2]
for i 6= j as N → ∞. Those scalar products are in fact related to the mean local
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density of the state |ψti〉 which is defined as the probability measure νi, supported
on the eigenvalues of A,
νi(da) =
N∑
j=1
E[〈ψti |φj〉2] δaj(da) .
In other words, the aim of this paper is to compute the local density νi of the
eigenvector |ψti〉 in the large N limit.
The interesting quantity for our purpose is the bivariate cumulative distribution
function Φ associated to the weights N E[〈ψti |φj〉2] defined for λ, α ∈ R by
ΦN(λ, α) =
1
N
N∑
i,j=1
E[〈ψti |φj〉2]1{λti 6 λ} 1{aj 6 α} . (4.1)
Note that this function Φ has indeed the properties of a bivariate cumulative distri-
bution function since
• it is right continuous with left-hand limits;
• it is nondecreasing in each of its argument;
• it satisfies lim
λ→−∞,a→−∞
Φ(λ, a) = 0 and lim
λ→+∞,a→+∞
Φ(λ, a) = 1.
Before presenting our results on the convergence as N → ∞ of the bivariate
cumulative distribution ΦN(λ, α) which shall directly lead us to asymptotic estimates
for the overlaps NE[〈ψti |φj〉2] for i 6= j and for the local density of states, we state
a Theorem due to Shlyakhtenko [19] (see also [17, 10] for similar results) on the
convergence of the empirical eigenvalue distribution of the matrix Mt defined in
(2.2). Let us recall the definition of the Stieltjes transform Gµ(z) of a probability
measure µ on R defined on the upper half plane H := {z ∈ C : =z > 0} by
Gµ(z) =
∫
R
µ(dx)
x− z .
The Stieltjes transform is frequently used in random matrix theory for the study of
empirical spectral densities in the large N limit. A measure µ is characterized by its
Stieltjes transform, which is an analytic function G : H→ H. We have the following
inversion formula valid for any measure µ on R and x < y,
lim
ε↓0
∫ y
x
=Gµ(λ+ i ε) dλ = pi µ(x; y) + pi
2
(µ({y})− µ({x})) , (4.2)
where =z denotes the imaginary part of z ∈ C. If µ is a probability measure, its
Stieltjes transform Gµ(z) behaves as −1/z when |z| goes to infinity.
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Proposition 4.1 (Shlyakhtenko, [19]). For z ∈ H, set RNt (z) = (Mt − zI)−1 and
introduce the complex measure defined on the unit interval [0, 1] as
σNt (z, dx) =
1
N
N∑
i=1
E[RNt (z)ii] δ i
N
(dx) . (4.3)
Then, the complex measure σNt (z, dx) converges weakly to a complex measure with
density Gt(z, x)dx, where Gt(·, x) : H→ H is the unique analytic function such that,
for all z ∈ H and x ∈ [0, 1],
Gt(z, x) =
1
a(x)− z − t ∫ 1
0
Gt(z, y)dy
. (4.4)
Remark 4.2. The Stieltjes transform GµNt (z) of the mean empirical spectral measure
µNt of Mt, defined as
µNt (dλ) =
1
N
N∑
i=1
E[δλi(dλ)] ,
can be recovered from σNt (z, dx) by the formula
GµNt (z) = σ
N
t (z, [0, 1]) .
From this observation, it is easy to see that µNt converges weakly when N → ∞ to
the probability measure µt associated to the Stieltjes transform
Gµt(z) =
∫ 1
0
Gt(z, x) dx .
Theorem 4.1 can be proved using the Schur complement formula, which permits
one to obtain the equation (4.4) satisfied by the limit points along subsequences of
the complex measure σNt , and then the fixed point theorem to show the uniqueness
of the analytic function Gt(·, x) satisfying (4.4) (see [7, 4] where such a route was
used). In [19], Shlyakhtenko proves in fact a more general result, covering the case
of band random matrices, with a proof using the theory of free probability.
Finally, using the work of Biane [9] On the free convolution with a Semi-circular
distribution, we know that the limiting spectral distribution µt(dλ) admits a smooth
density ρt(λ) with respect to Lebesgue measure. In [9, Corollary 2], Biane gives an
analytic formula for the density ρt as a function of the Stieltjes transform Gµ0 of the
initial spectral density µ0, proving the convergence of the Stieltjes transform near
the real axis:
lim
η→0+
Gµt(λ+ iη) = Hρt(λ) + ipiρt(λ)
where Hρt is the Hilbert transform of the probability density ρt. The work of Biane
is motivated by the theory of free probability, which was originally introduced by
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Voiculescu in [21] (see also [20, 14]) as a new theory of probability for non-commuting
random variables. In this context, freeness or free independence is the analogue of the
classical notion of independence. Using the connections between random matrices
and free probability later established in [22], the limiting spectral measure µt may be
seen as the free convolution between the initial probability measure µ0 and the semi-
circular distribution of variance t, λt(dx) :=
1
2pit
√
4t2 − x2. This operation between
two real measures is usually denoted . In the present case, we have
µt = µ0  λt .
This connection with random matrices motivates the title of our article: while the
addition of the Gaussian matrixH(t) induces (in the largeN limit) a free convolution
of the initial spectral measure µ0 by the semi-circular distribution of variance t, we
study the relation between the eigenvectors of the matrix M(t) = A + H(t) with
those of the matrix M(0) = A at the initial time.
We are now ready to state our main result on the convergence of the bivariate
cumulative distribution ΦN(λ, α).
Theorem 4.3. Let t > 0 and A := AN a N × N symmetric matrix such that
hypothesis 1 holds for some general initial probability density ρ0. We consider the
random matrix M(t) = A+H(t) of the matrix A, where (H(t))t > 0 is a symmetric
Brownian motion.
Then, the bivariate cumulative distribution ΦN defined in (4.1) converges point
wise as N → +∞ to a bivariate cumulative distribution Φ given by
Φ(λ, α) =
∫ λ
−∞
dξ ρt(ξ)
∫ α
−∞
dx ρ0(x)
t
(x− ξ − tHρt(ξ))2 + t2pi2ρt(ξ)2
.
As we will see, Theorem 4.3 permits to compute the asymptotic overlaps E[〈ψti |φj〉2]
of any eigenvector |ψti〉 of the matrix Mt at time t with the eigenvectors of the initial
matrix M0 = A for any time t. A previous heuristic attempt to compute those over-
laps appeared in [23], with a different result (see below). Theorem 4.3 also permits
one to compute the mean local density νi in the A-eigenvalues space of the state
|ψti〉 at time t. In addition we will explain how it enables us to extend the domain
of validity of our former results on the eigenspace dynamics under free addition
obtained in [1].
Theorem 4.3 can be seen as the counterpart of [16, Theorem 3] which quantifies
the relationship between the eigenvectors of the population covariance matrix with
those of the empirical (or sample) covariance matrix.
One remarkable feature of Theorem 4.3 is that it quantifies the relationship
between the eigenvectors of the initial matrix M0 = A and the eigenvectors of the
matrix Mt, even in the non perturbative third regime described above (where t > 0
is independent of N).
Our proof of Theorem of 4.3 uses the ideas of [16] to quantify the relationship
between sample and population eigenvectors.
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Theorem 4.3 enables to compute the overlaps of the vector |ψti〉 with the initial
(t = 0) eigenvectors |φj〉 for j 6= i of the matrix M0 = A. Roughly speaking, when
N →∞, we have
E[〈ψti |φj〉2] =
1
N
t
(aj − λti − tHρt(λti))2 + t2pi2ρt(λti)2
+ o(
1
N
) . (4.5)
As mentioned before, formula (4.5) is valid for t > 0 independent of N , which is
very large (third regime).
But when t→ 0, λi(t)→ ai almost surely and if t is now itself very small, formula
(4.5) can be simplified, for any pair of indices (i, j) such that the eigenvalues ai, aj
remain separated by a macroscopic spacing (i.e. such that |aj − ai| = O(1) does not
vanish for large N), as
E[〈ψti |φj〉2] =
t
N
1
(aj − ai)2 + o(
1
N
) . (4.6)
For such pair (i, j), (4.6) extends the perturbation equations 3.4 of Proposition 3.1
(which was valid only for t → 0 and N fixed) to values of t much smaller than 1
but not necessarily negligible compared to 1/N , for example such that t := tN =
1/Nα, α ∈ (0; 1], which correspond to the semi-perturbative regime.
One can also use Theorem 4.3 to compute the local density of the states ψti , i =
1, · · · , N in the large N limit. The limiting mean local density of state |ψti〉 near the
energy level α is
νi(α) = ρ0(α)
t
(α− λi − tHρt(λi))2 + t2pi2ρt(λi)2
. (4.7)
This last formula (4.7) is necessarily a probability density function of α ∈ R, al-
though it is not trivial to check that its integral over α is indeed 1.
5 Proof of Theorem 4.3
Following the idea of [16], we introduce the following quantity, defined for z ∈ C\R,
as
ΘgN(z) =
1
N
N∑
i=1
1
λti − z
N∑
j=1
E[〈ψti |φj〉2] g(aj)
=
1
N
Tr
(
(Mt − zI)−1g(A)
)
(5.1)
where g is a real valued bounded function on R. By convention, g(A) is the diagonal
matrix Diag(g(a1), g(a2), · · · , g(aN)).
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The interesting feature of ΘgN(z) is that, by the Stieltjes inversion formula, we
have
ΦN(λ, α) = lim
η→0+
1
pi
∫ λ
−∞
Im [ΘgN(ξ + iη)] dξ
for the particular choice g(x) = 1{x 6 α}.
Thus, the problem is reduced to the study of the convergence of ΘgN(z) when
N →∞. It is plain to deduce Theorem 4.3 from the following lemma.
Lemma 5.1. Let g be a real valued bounded and continuous function on R. Then,
as N → +∞, we have the following convergence
ΘgN(z) −→ Θg(z) =
∫ 1
0
g(a(x))
a(x)− z − tGµt(z)
dx
where Gµt(z) is the Stieltjes transform of the limiting spectral distribution µt of the
matrix Mt.
Proof of Lemma 5.1.
Using equation (5.1) and the definition of the matrix RNt (z) = (Mt− zI)−1, it is
straightforward to check that
ΘgN(z) =
1
N
N∑
i=1
g(a(
i
N + 1
))E[RNt (z)ii] .
Now, using Theorem 4.1 of Shlyakhtenko (see [19], and also [17, 10]), we know that
the complex-valued measure σNt defined in (4.3) converges weakly to Gt(z, x) dx.
Therefore, as N →∞,
ΘgN(z) −→
∫ 1
0
g(a(x))Gt(z, x)dx =
∫ 1
0
g(a(x))
a(x)− z − tGµt(z)
dx ,
using the fixed point equation (4.4) satisfied by Gt(z, x). The lemma is proved.
6 Initial Semi-circular distribution
We now turn to the analysis of the particular case where the initial spectral density
is a semi-circular distribution. This example is natural in the context of random
matrix and free probability theories and we will see that everything can be computed
explicitly.
We suppose in this section that the limiting spectral density of the matrix A has
a semi-circular shape
ρ0(x) =
1
2pi
√
4− x2 . (6.1)
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In order to compute the limiting spectral measure µt(dx) := ρt(x) dx of the matrix
M(t), one can write an evolution equation for the Stieltjes transform Gµt(·) : H→ H
of µt thanks to Itoˆ’s formula (as in Lemma 4.3.12 in [5]). When N →∞, this Burgers
evolution equation may be written (see [5, Proposition 4.3.10] and [14, Lemma 3.3.9]
for a discussion) as
∂tGµt(z) = Gµt(z) ∂zGµt(z) , (6.2)
and the initial condition is Gµ0(z) = (−z +
√
z2 − 4)/2 where the branch of the
square root on C \R+ is such that
√−1 = i. The solution of (6.2) is easily found by
rewriting (6.2) in terms of the functional inverse Bµt of the Stieltjes transform Gµt .
We easily obtain Bµt(z) = −(t+ 1)z − 1/z, and for any z ∈ H,
Gµt(z) =
−z +√z2 − 4(1 + t)
2(1 + t)
. (6.3)
One can recover the limiting spectral density ρt thanks to the Stieltjes inversion
formula recalled in (4.2),
ρt(x) =
1
2pi(1 + t)
√
4(1 + t)− x2 . (6.4)
Another method to derive (6.4) using the theory of free probability can be found in
[5, Example 5.3.26].
Using (6.3), we can apply Theorem 4.3 which gives the following expression for
the asymptotic overlaps between the i-th eigenvector of M(t) and the j th of A with
i 6= j,
N E[〈ψti |φj〉2] =
t
(aj − λi(t))2 + t1+tλi(t)(aj − λi(t)) + t
2
1+t
+ o(1) . (6.5)
Note that, for all j 6= i, we have
lim
t→+∞
lim
N→+∞
NE[〈ψti |φj〉2] −→ 1 ,
which means that, after a very long time, the vector |ψi(t)〉 has uniform overlaps
with the initial eigenvectors |φj〉 (as one should have expected). Conversely, the
information about a given initial state |φj〉 is lost when t→ +∞: one can not even
identify the main components of |φj〉 in the orthonormal basis of the |ψi(t)〉.
We have checked the asymptotic expressions (6.5) using numerical simulations,
in the present context where the spectral density at the initial time is a semi-circular
distribution with variance 1. For this we first sample an initial random symmetric
matrix A in the Gaussian Orthogonal Ensemble (GOE) (with i.i.d. Gaussian entries
up to symmetry with variances 2 (resp. 1) on (resp. off) the diagonal), of size N×N
with N = 400. From Wigner’s semi-circular law, we know that the empirical measure
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of the eigenvalues of A is close to the semi-circular density ρ0(x) given in (6.1). For
this realization of A, we construct a sample of 1000 matrices M(t) for t = 1 by
adding random GOE matrices H(1) to A. For all the realizations of M(1) of our
sample, we compute the i-th eigenvector with i = 200 for Fig. 1 and i = 320 for
Fig. 2 and its overlaps with the orthonormal basis of the |φj〉, j = 1, · · · , N . We
estimate the mean of the overlaps by computing the empirical mean of our sample.
We finally plot N E[〈ψti |φj〉2] as a function of the eigenvalue aj associated to |φj〉.
The agreement between the theoretical and simulated curves is excellent: see Fig. 1
and 2.
For Figure 1, we have considered the eigenvector |ψN/2(1)〉 associated to the
median eigenvalue λN/2(1). By symmetry, this eigenvalue is most likely to be near
0. In this particular case where λN/2(t)→ 0, Eq. (6.5) can be simplified to read
N E[〈ψtN/2|φj〉2] ≈
t
a2j + t
2
, (6.6)
which describes a “Cauchy flight” in the eigenvalue space of the initial matrix A. The
eigenvector associated to the median eigenvalue λN/2(t) = 0 overlaps the orthonor-
mal basis |φj〉, j = 1, . . . , N , according to a Cauchy distribution in the A-eigenvalues
space. This makes more precise a statement made in [23, 24, 25, 1] in the context of
an extreme non adiabatic evolution of a quantum system: the energy is not diffusive
but rather performs a Cauchy Flight.
In fact, if the evolution of the system is such that the elements of the random
random Gaussian matrix M(t) have a fixed variance, the i-th eigenvalue of M(t) is
expected to be time independent in the large N limit, such that λi(t) ≈ ai. In this
case, Eq. (6.6) corresponds (up to simple modifications) to Eq. (4.11) of [23], with
the correspondence ∆E = aj−ai. However, the correspondence for longer “times” t
must take into account that with our normalization, the semi-circle spectrum itself
broadens with time, as given by Eq. (6.4).
7 Eigenspace stability
In [1], we investigated the stability of eigenspaces associated to a GOE matrix A
when a small GOE matrix H(t) is added. Let us briefly recall the context and main
notations of [1].
Our idea was to study, in the large N limit, the stability of a whole subspace
V0 (instead of a single eigenvector as above) spanned by a set of consecutive initial
eigenvectors |φk〉 associated to eigenvalues ak contained in a certain interval [γ−; γ+]
of the Wigner semicircle support [−2; 2]. We then asked the following question: How
should one choose a “larger” subspace V t1 spanned by a subset of eigenvectors |ψtk〉 at
time t which would contain the initial subspace V0 up to a small error ? To answer
this question, we introduced a margin of width δ and the subspace V t1 generated
by the set of eigenvectors |ψtk〉 associated to eigenvalues λtk lying in the interval
13
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Figure 1: The black curve is a plot of N E[〈ψti |φj〉2], computed empirically with 1000
samples, as a function of the eigenvalues aj corresponding to |φj〉, for N = 400, t = 1
and i = 200. The 200 th eigenvalue of A is approximately equal to 0, it is therefore
natural to observe the highest value of this curve at this point. The red curve is the
theoretical prediction displayed in Eq. (6.5).
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Figure 2: The black curve is a plot of N E[〈ψti |φj〉2], computed empirically with
1000 samples, as a function of the eigenvalues aj corresponding to |φj〉, for N = 400,
t = 1 and i = 320. The 320 th eigenvalue of A is approximately equal to 0.983, it is
therefore natural to observe the highest value of this curve near this point. The red
curve is the theoretical prediction displayed in Eq. (6.5).
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[γ− − δ; γ+ + δ]. We then considered the rectangular matrix of overlaps Gt with
entries
Gt(ij) := 〈ψti |φj〉 .
This overlaps matrix is a natural generalization of the scalar product when at least
one of the dimensions of the two subspaces V0 and V
t
1 is greater than one. In our
setting, the matrix Gt has dimensions Q× P with
P = N
∫ γ+
γ−
ρ0, Q = N
∫ γ++δ
γ−−δ
ρt ,
where ρ0 is the Wigner semicircle eigenvalues density of the initial matrix A. The
labels i and j and the vectors |ψti〉 and |φj〉 are respectively indexed by the eigenvalues
(in increasing order) λti and aj.
The P nonzero singular values 1 > s1 > s2 > · · · > sP > 0 of the matrix Gt
contain a meaningful information about the overlap between the two spaces V0 and
V t1 . For example, the largest singular value s1 indicates that there is a certain linear
combination of the Q eigenvectors at time t that has a scalar product s1 with a
certain linear combination of the P initial eigenvectors. If sP = 1, then the initial
subspace is entirely spanned by the perturbed subspace. If on the contrary s1  1,
then the initial and perturbed eigenspaces are nearly orthogonal to one another since
even the largest possible overlap between any linear combination of the original and
perturbed eigenvectors is very small.
A natural way to measure the angle between the subspaces V0 and V
t
1 is to
compute the quantity v(t) = (det(G†tGt))
1/2, which measures the volume of the
P -dimensional parallelepiped spanned by the projection of the orthonormal vec-
tors φ1, · · · , φP onto the subspace V t1 . In order to get a non trivial limiting P -
dimensional volume as P → ∞, we need to take a further exponent looking at
v(t)1/P instead of v(t). An even more convenient statistic to measure the angle be-
tween the two subspaces V0 and V
t
1 is in fact obtained by taking the logarithm,
D(V0, V
t
1 ) = − ln(det(G†tGt))1/2P , which can be rewritten as the average of the log-
arithm of the singular values:
D(V0, V
t
1 ) = −
1
P
P∑
k=1
ln(sk) .
This overlap distance D and the overlap matrix Gt already appeared in the literature
on the “Anderson orthogonality catastrophe” (see e.g. [6, 15]).
Using perturbation theory, we showed in [1] that this overlap distance D(V0, V
t
1 ),
behaves when N → +∞ with t := tN such that NtN → 0, as:
E[D(V0, V t1 )] =
t
2
∫ γ+
γ−
ρ0
∫ γ+
γ−
dx
∫
y 6∈[γ−−δ,γ++δ]
dy
ρ0(x)ρ0(y)
(x− y)2 + o(t) . (7.1)
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The fixed parameter δ > 0 permits us to truncate the singularity induced by pseudo
collisions at the edge of the intervals [γ−, γ+]. Supported by convincing numerical
evidence [1], this formula 7.1 was conjectured to hold true in the semi-perturbative
regime N → +∞ with tN → 0 but not necessarily NtN → 0. Unfortunately we
were unable at the time to find analytical arguments to sustain our claim in this
semi-perturbative regime.
Our new results obtained in this paper provide us good tools to fill in this gap
and prove that Eq. (7.1) is indeed correct in the semi-perturbative regime t := tN →
0, N → +∞.
Let us first remark that D(V0, V
t
1 ) = − ln(det(G†tGt))/(2P ) where G†t is the
Hermitian conjugate of Gt. We start by computing the entries of the matrix G
†
tGt.
Using the fact that the |ψtk〉, k = 1, · · · , N form an orthonormal family of RN , we
have for all ai ∈ [γ−; γ+],
(G†tGt)ii =
∑
λtk∈[γ−−δ;γ++δ]
〈ψtk|φi〉2 = 1−
∑
λtk 6∈[γ−−δ;γ++δ]
〈ψtk|φi〉2 .
Using (4.6), we see that, as tN → 0 and N →∞,
E[(G†tGt)ii] = 1−
t
N
∑
ak 6∈[γ−−δ;γ++δ]
1
(ai − ak)2 + o(
1
N
) + o(t)
∼N→∞ 1− t
∫
y 6∈[γ−−δ,γ++δ]
dy
ρ0(y)
(ai − y)2 + o(t) . (7.2)
The non diagonal elements, i.e. indexed by ai 6= aj ∈ [γ−; γ+], can also be computed
as
(G†tGt)ij =
∑
λtk∈[γ−−δ;γ++δ]
〈ψtk|φi〉〈ψtk|φj〉 = −
∑
λtk 6∈[γ−−δ;γ++δ]
〈ψtk|φi〉〈ψtk|φj〉
where, in the second line, we have used the orthogonality of |φi〉 and |φj〉 which
implies that
∑
k〈ψtk|φi〉〈ψtk|φj〉 = 0. The expectations of those terms can thus be
estimated as t := tN → 0 and N →∞, via the Cauchy-Schwarz inequality, as
E[(G†tGt)ij] 6
∑
ak 6∈[γ−−δ;γ++δ]
E[〈ψtk|φi〉]1/2E[〈ψtk|φj〉]1/2
∼N→+∞ t
N
∑
ak 6∈[γ−−δ;γ++δ]
1
(ai − ak)(aj − ak) + o(
1
N
) + o(t) (7.3)
∼N→∞ t
∫
y 6∈[γ−−δ,γ++δ]
dy
ρ0(y)
(ai − y)(aj − y) + o(t) . (7.4)
Note that in both equations (7.2) and (7.4), we have ai, aj ∈ [γ−; γ+] and ak 6∈
[γ− − δ; γ+ + δ], so that ai (resp. aj) and ak remain at macroscopic distance > δ
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and formula (4.6) applies. Besides the integrals in (7.2) and (7.4) are perfectly well
defined due to the introduction of the margin δ > 0.
Thus, if t := tN → 1 and N →∞, the determinant of G†tGt can be approximated
to leading order in tN as the product of the diagonal terms (the other contribution
are negligible compared to tN). We thus have, doing a further linearization when
tN → 0,
− 1
2P
E[ln(det(G†tGt))] =
t
P
∑
ai∈[γ−;γ+]
∫
y 6∈[γ−−δ,γ++δ]
dy
ρ0(y)
(ai − y)2 + o(
1
N
) + o(t)
∼N→+∞ t∫ γ+
γ−
ρ0
∫ γ+
γ−
dx
∫
y 6∈[γ−−δ,γ++δ]
dy
ρ0(x)ρ0(y)
(x− y)2 + o(t) .
This is our proof that (7.1) is valid in the second semi-perturbative regime.
The reader may wonder how to extend formula (7.1) in the non perturbative
regime, i.e. for arbitrary values of t. This question is clearly more difficult as one
would need to understand the convergence of the non diagonal terms of the ma-
trix G†tGt in the large N limit, which are no longer negligible in the determinant
expansion.
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